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We study quantum non-Markovian dynamics of the Caldeira-Leggett model, a prototypical model
for quantum Brownian motion describing a harmonic oscillator linearly coupled to a reservoir of
harmonic oscillators. Employing the exact analytical solution of this model one can determine the
size of memory effects for arbitrary couplings, temperatures and frequency cutoffs. Here, quantum
non-Markovianity is defined in terms of the flow of information between the open system and its
environment, which is quantified through the Bures metric as distance measure for quantum states.
This approach allows us to discuss quantum memory effects in the whole range from weak to strong
dissipation for arbitrary Gaussian initial states. A comparison of our results with the corresponding
results for the spin-boson problem show a remarkable similarity in the structure of non-Markovian
behavior of the two paradigmatic models.
PACS numbers: 03.65.Yz, 03.65.Ta, 03.67.-a, 02.50.-r
I. INTRODUCTION
How do memory effects manifest themselves in the dy-
namics of open quantum systems [1], what are the char-
acteristic features of these effects and how can they be
rigorously defined and quantified? These questions play
an important role in many applications of quantum me-
chanics and have received a tremendous amount of inter-
est in recent years (see, e.g., the reviews [2–4]). In fact,
the problems of the mathematical definition and of the
physical implications of quantum memory effects in open
systems has initiated a large variety of interesting ap-
plications to diverse quantum systems and phenomena.
Examples include Ising and Heisenberg spin chains and
Bose-Einstein condensates [5–7], quantum phase tran-
sitions [8], optomechanical systems [9], chaotic systems
[10, 11], energy transfer processes in photosynthetic com-
plexes [12], spectral line shapes and two-dimensional
spectra [13], continuous variable quantum key distribu-
tion [14], and quantum metrology [15]. Moreover, experi-
mental realizations of quantum non-Markovianity and its
control have been reported for both photonic and trapped
ion systems [16–21].
As shown in Ref. [22] a systematic approach to the the-
oretical description of memory effects of open systems
can be based on concepts of quantum information the-
ory. Within this approach memory effects are connected
to the exchange of information between the open system
and its environment. This means that Markovian, i.e.
memoryless behaviour is characterized by a continuous
loss of information, that is by a continuous flow of infor-
mation from the open system to its surroundings, while
non-Markovian dynamics is distinguished by a back flow
of information from the environment to the open system.
Employing the trace distance between quantum states as
a measure for their distinguishably [23, 24] and, hence, as
a measure for the amount of information inside the open
system, Markovian quantum dynamics is characterized
by a monotonic decrease of the trace distance, while non-
Markovian dynamics features a non-monotonic behaviour
of the trace distance for a pair of quantum states.
Here, we apply these concepts to the Caldeira-Leggett
model of quantum Brownian motion [25, 26]. To this
end, we study the integrable case of a harmonic oscilla-
tor, representing the open system, which is coupled to
a harmonic oscillator reservoir, and perform a system-
atic analysis of the quantum non-Markovianity based on
the concept of the information flow between open system
and reservoir. However, for technical simplicity we fol-
low the approach of Ref. [27] and use, instead of the trace
distance, the Bures metric [24] as distance measure for
quantum states. This metric is defined by means of the
fidelity of quantum states, it is closely related to the trace
distance and has similar mathematical properties. In
particular, trace preserving completely positive maps are
contractions for the Bures metric, a property which is im-
portant for the definition of quantum non-Markovianity
[28]. The advantage of this approach is that the Bu-
res distance between two Gaussian states can easily be
determined by means of an analytical expression, which
enables an efficient calculation of the non-Markovianity
in a wide range of system-reservoir coupling, reservoir
temperatures and frequency cutoffs.
The paper is organized as follows. In Sec. II we
briefly recall the concepts of information flow and non-
Markovianity of the dynamics of open quantum systems.
In particular, we discuss the treatment of arbitrary Gaus-
sian initial states as well as the application of the general
approach to the Caldeira-Leggett model. The simulation
results are discussed in detail in Sec. III. In particular,
we investigate the strong damping limit and compare our
results with previous results obtained for the spin-boson
model. Moreover, we examine the limiting case described
by the Caldeira-Leggett master equation, and study also
the case of an external driving of the system or the reser-
voir. Finally, in Sec. IV we summarise our results and
draw our conclusions.
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2II. QUANTUM INFORMATION FLOW AND
MEMORY EFFECTS
A. Non-Markovianity and Gaussian initial states
As mentioned in the Introduction we will use here
the approach to quantum non-Markovianity proposed in
Ref. [22] which is based on the trace distance between
two quantum states ρ1 and ρ2 defined by
D(ρ1, ρ2) =
1
2 Tr |ρ1 − ρ2|, (1)
where |A| =
√
A†A denotes the modulus of an operator
A. The time evolution of the states can be represented
by a family of trace-preserving and completely positive
(CP) quantum dynamical maps Φt,
Φ =
{
Φt | Φ0 = id, t ∈ [0, tmax]
}
, (2)
such that ρ1,2(t) = Φtρ1,2(0) represent the states at time
t ∈ [0, tmax]. In view of the interpretation of the trace
distance in terms of the distinguishability of the quan-
tum states, a dynamical decrease of D(ρ1(t), ρ2(t)) can
be interpreted as a loss of information from the open
system into the environment characteristic of Markovian
dynamics and, vice versa, any increase of D(ρ1(t), ρ2(t))
as a flow of information from the environment back to
the system signifying memory effects and non-Markovian
behavior. Since trace-preserving positive and completely
positive maps are contractions for the trace distance, any
P-divisible or CP-divisible dynamics [3] provides an ex-
ample of a monotonically decreasing trace distance and,
hence, of a Markovian dynamics [29, 30]. In particular,
any dynamics given by a semigroup with a generator in
Lindblad form is Markovian according to this definition.
The degree of memory effects of a given dynamics can
be quantified by integrating the total information back-
flow from the environment to the system leading to the
non-Markoviantiy measure [22]
N (Φ) = max
ρ1,2(0)
∫
σ>0
dt σ(t), (3)
where
σ(t) = d
dt
D
(
Φtρ1(0),Φtρ2(0)
)
, (4)
and the integration is taken over all time intervals of the
full interval [0, tmax] in which σ(t) > 0.
In this paper we will investigate the time evolution of
Gaussian initial states, which preserve their Gaussianity
under the action of the time evolution operators gener-
ated by the quadratic Caldeira-Leggett Hamiltonian. As
explained in the Introduction, instead of the trace dis-
tance we will consider here the Bures distance [24] of
quantum states which leads to a simple expression for
Gaussian states in terms of the first two moments of the
position and momentum operators of the open system
[27]. To this end, we introduce the quantum fidelity de-
fined by
F(ρ1, ρ2) =
[
Tr
{√√
ρ1ρ2
√
ρ1
}]2
, (5)
which is equal to one if and only if ρ1 = ρ2 and equal to
zero if and only if ρ1 and ρ2 have orthogonal support. We
introduce the dimensionless quadrature operators X =
(aˆ+ aˆ†)/
√
2 and P = i(aˆ†− aˆ)/√2, which we can arrange
in the vector operator R = (X,P )T . The fidelity can
then be expressed in terms of the first two moments of
the two single mode Gaussian states ρ1 and ρ2 as
F(ρ1, ρ2) = 2√∆ + δ −√δ e
− 12 (d2−d1)T (σ1+σ2)−1(d2−d1),
(6)
where
∆ = 4 det(σ1 + σ2), (7)
δ = 16
[
det(σ1)− 14
] [
det(σ2)− 14
]
. (8)
Here, σ1,2 are the covariance matrices of the states with
the elements
(σ1,2)ij =
1
2 〈{Ri, Rj}〉ρ1,2 − 〈Ri〉ρ1,2〈Rj〉ρ1,2 (9)
and
d1,2 = 〈R〉ρ1,2 (10)
represent the mean values of the two states.
Now, the Bures distance is defined with help of the
fidelity by means of
DB(ρ1, ρ2) =
√
2− 2
√
F(ρ1, ρ2). (11)
We note that, like the trace distance, the Bures distance
is contracting under any trace-preserving (completely)
positive map. Moreover, the Bures distance and the trace
distance are related by the inequalities [31]√
2− 2
√
1−D(ρ1, ρ2)2 ≤ DB(ρ1, ρ2) ≤
√
2D(ρ1, ρ2).
(12)
The measure for non-Markovianity (3) involves a max-
imization over all pairs of initial states in order to make
the expression a functional of the family Φ of dynamical
maps given in Eq. (2). In the following we will omit this
maximization and consider a fixed pair of initial states.
The measure thus describes the degree of memory effects
for the specific process defined by the dynamical map and
a certain pair of initial conditions. Summarizing, in the
following we will investigate the quantity
N (Φ) =
∫
σ>0
dt σ(t), (13)
where
σ(t) = d
dt
DB
(
ρ1(t), ρ2(t)
)
. (14)
3B. Application to the Caldeira-Leggett model
The Caldeira-Leggett model describes an open quan-
tum system linearly coupled via the position coordinate
to an infinite bath of quantum harmonic oscillators. We
assume that the open system also represents a harmonic
oscillator such that the Hamiltonian is given by [25]
H = 12mp
2 + 12mω
2
0x
2︸ ︷︷ ︸
HS
+
∑
n
(
1
2mn
p2n +
1
2mnω
2
nx
2
n
)
︸ ︷︷ ︸
HB
−x
∑
n
κnxn︸ ︷︷ ︸
HI
+x2
∑
n
κ2n
2mnω2n︸ ︷︷ ︸
counterterm
. (15)
The coordinate and momentum operators of the central
oscillator and the bath oscillators are x, p and xn, pn,
respectively. The first two terms HS and HB are the
energy contributions of the open system and the bath
oscillators, respectively. The third part is the interaction
term between the system and the bath. The coupling
strength between the system and the j-th bath oscillator
is represented by κj . Furthermore a counter term is typ-
ically introduced in the Hamiltonian, which accounts for
a renormalization of the central oscillator frequency due
to the interaction with the bath [26].
The bath and interaction characteristics are fully de-
scribed by the so-called spectral density
J(ω) =
∑
n
κ2n
2mnωn
δ(ω − ωn). (16)
In the limit of infinitely many bath oscillators the spec-
tral density may be represented by a smooth function of
frequency. In the following we choose an Ohmic spectral
density with a Lorentz-Drude cutoff of the form
J(ω) = 2mγ
pi
ω
Ω2
Ω2 + ω2 . (17)
We call γ the coupling strength and Ω the frequency cut-
off.
In order to calculate the time evolution of the Bures
distance for Gaussian initial states we need to find the
time evolution of the first two moments of the momen-
tum and position operators of the open system. Those in
turn can be calculated by finding the time evolution of
the position and momentum operators in the Heisenberg
picture. From the Heisenberg equation of motions of x(t),
xn(t), p(t) and pn(t) generated by the total Caldeira-
Leggett Hamiltonian it is possible to derive the following
operator valued integro-differential equation for the po-
sition operator [1]
x¨(t) + ω20x(t) +
d
dt
t∫
0
dt′γ(t− t′)x(t′) = 1
m
B(t), (18)
where
B(t) =
∑
n
κn
√
1
2mnωn
(
e−iωntan + e+iωnta†n
)
(19)
is the stochastic force and
γ(t) = 2
m
∫ ∞
0
dω
J(ω)
ω
cos(ωt) (20)
the damping kernel. This equation can be solved by
Laplace transformation with the solution
x(t) = G1(t)x(0) +G2(t)
p(0)
m
+ 1
m
t∫
0
dt′G2(t− t′)B(t′).
(21)
The solution for the time evolution of the momentum op-
erator is determined by p(t) = m ddtx(t). The functions
G1(t) and G2(t) are the solutions of the homogeneous
part of Eq. (18) corresponding to the initial conditions
G1(0) = 1, G˙1(0) = 0 and G2(0) = 0, G˙2(0) = 1, re-
spectively. These Green’s functions can be obtained by
Laplace transformation which yields
Gˆ2(z) =
Gˆ1(z)
z
= 1
z2 + zγˆ(z) + ω20
. (22)
The Laplace transform of the damping kernel correspond-
ing to a Lorentz-Drude spectral density reads
γˆ(z) = 2γ Ω
z + Ω (23)
and, hence, the Laplace transform of G2(t) is given in
this case by
Gˆ2(z) =
z + Ω
z3 + Ωz2 + (ω20 + 2γΩ)z + ω20Ω
. (24)
With help of the residual theorem one performs the back
transformation and arrives at
G2(t) =
3∑
i=1
die
zit, (25)
where zi are the poles of Gˆ2(z) determined by the roots
of the cubic polynomial in the denominator in Eq. (24),
z3 + Ωz2 + (ω20 + 2γΩ)z + ω20Ω = 0. (26)
The discriminant of this cubic equation in dependence
on the coupling strength γ and the frequency cutoff Ω is
depicted in Figure 1.
In the blue region the discriminant is negative and
hence there exist two complex solutions, while in the red
region the discriminant is positive which indicates the
existence of only real solutions. The factors di are given
by
di =
∏
j 6=i
zi + Ω
zj − zi . (27)
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Figure 1. The discriminant of the cubic equation (26) as func-
tion of the parameters Ω and γ. Blue colours indicate negative
values and red colours positive values of the discriminant.
We assume a factorizing initial condition ρ(0) = ρS⊗ρB ,
where ρS is an arbitrary single mode Gaussian state and
ρB = exp
( − HB/(kBT ))/ZB is a thermal equilibrium
state of the bath. From this initial conditions we obtain
the time evolution of the mean values
〈x(t)〉 = G1(t)〈x(0)〉+ 1
m
G2(t)〈p(0)〉, (28)
〈p(t)〉 = mG˙1(t)〈x(0)〉+ G˙2(t)〈p(0)〉, (29)
and the elements of the covariance matrix
σxx(t) = G21(t)σxx(0) +
1
m2
G22(t)σpp(0) (30)
+ 1
m
G1(t)G2(t)σxp(0) + 〈I2x(t)〉,
σpp(t) = m2G˙21(t)σxx(0) + G˙22(t)σpp(0) (31)
+mG˙1(t)G˙2(t)σxp(0) + 〈I2p(t)〉,
σpx(t) = mG˙1(t)G1(t)σxx(0) +
1
m
G˙2(t)G2(t)σpp(0)
+
(
G˙1(t)G2(t) + G˙2(t)G1(t)
)
σxp(0)
+ 〈I2px(t)〉. (32)
The crucial part in explicitly evaluating the covariance
matrix for each time step is to calculate the noise contri-
butions, which are of the form
〈Ixx(t)〉 = 12m2
t∫
0
ds
t∫
0
ds′G2(t− s)G2(t− s′)〈{B(s), B(s′)}〉, (33)
〈Ipp(t)〉 = 12
t∫
0
ds
t∫
0
ds′G˙2(t− s)G˙2(t− s′)〈{B(s), B(s′)}〉, (34)
〈Ipx(t)〉 = 12m
t∫
0
ds
t∫
0
ds′G˙2(t− s)G2(t− s′)〈{B(s), B(s′)}〉. (35)
For factorizing initial conditions the correlation function
〈{B(t), B(t′)}〉 of the stochastic force equals the so called
noise kernelD1(t−t′), which has the following connection
to the spectral density
D1(t− t′) = 2
∞∫
0
dωJ(ω) coth
(
ω
2kBT
)
cos [ω(t− t′)] .
(36)
For the Lorentz Drude spectral density it can be explic-
itly calculated to be
D1(t−t′) = 4mγkBTΩ2
∞∑
n=−∞
Ωe−Ω|t−t′| − |νn|e−νn|t−t′|
Ω2 − ν2n
,
(37)
where νn = 2pinkBT are the so-called Matsubara fre-
quencies. The noise contributions can then be brought
in the form
〈Iα(t)〉 = 2γkBTΩ
2
m
∞∑
n=−∞
1
Ω2 − ν2n
Iα(t, n), (38)
where the index α stands for xx, pp or px. We show
in Appendix A how to explicitly calculate the factors
Iα(t, n). With this it is possible to determine the time
evolution of the elements of the covariance matrix by
numrically calculating the infinite series which appears
in the noise contributions. This series turns out to con-
verge rapidly for medium and high temperatures. Also
for low temperatures evaluating the series numerically is
preferable to a numerical integration of Eqs. (33)-(34).
It is also possible to derive the time evolution of the
first two moments for the Caldeira-Leggett master equa-
5tion
d
dt
ρS(t) = −i [HS , ρS(t)]− iγ [x, {p, ρS(t)}]
−2mγkBT [x, [x, ρS(t)]] (39)
which can be derived within the Born-Markov approx-
imation under the conditions γ, ω0  Min{Ω, 2pikBT}.
From this master equation one can derive a system of
coupled differential equations for the first two moments.
It turns out that the solution of this coupled differential
equations approximates the exact solution of the model
under the under the conditions γ, ω0  Ω  2pikBT .
The mean values have the same structure as in Eqs. (28)
and (29) with the Green’s functions
G1(t) =
[γ
ν
sin(νt) + cos(νt)
]
e−γt, (40)
G2(t) =
1
ν
sin(νt)e−γt, (41)
where ν =
√
ω20 − γ2. The elements of the covariance
matrix have the same structure as in Eqs. (30)-(32) with
the Green’s functions (40) and (41), and the noise con-
tributions
〈Ixx(t)〉 ≈ kBT
mω20
[
1− e−2γt
(
1 + γ
ν
sin(2νt) + 2γ
2
ν2
sin2(νt)
)]
, (42)
〈Ipp(t)〉 ≈ mkBT
[
1− e−2γt
(ω20
ν2
− γ
2
ν2
cos(2νt)− γ
ν
sin(2νt)
)]
, (43)
〈Ipx(t)〉 ≈ 2γkBTG22(t). (44)
III. SIMULATION RESULTS AND DISCUSSION
A. Time evolution of the Bures distance
With help of the methods developed in the previous
section we are now in the position to calculate the time
evolution of the first two moments of the position and mo-
mentum operators of the open system. As initial states
we consider here two pure coherent states,
ρ1(0) = |α1〉〈α1|, ρ2(0) = |α2〉〈α2|, (45)
where
α1 =
√
mω0
2 〈x1〉, α2 =
√
mω0
2 〈x2〉. (46)
To explicitly evaluate the noise contributions appearing
in the covariance matrix elements we need to truncate
the infinite series in Eq. (38) when sufficient accuracy is
reached. For all results that we present in the following,
we truncated the infinite series in the noise contribution
after a number of terms Nc such that the difference of
the partial sums 〈Iα(t)〉(k) satisfy
|〈Iα(t)〉(Nc) − 〈Iα(t)〉(Nc−1)| < 10−3 (47)
for every calculated time step. From the time evolution
of the first two moments we are then able to compute the
time evolution of the Bures distance with help of Eqs. (6)
and (11).
In Figure 2 the time evolution of the Bures distance
between two initial coherent states is plotted for low,
medium and high coupling strengths γ and initial bath
temperatures T for the cutoff frequency Ω/ω0 = 100.
The Bures distance starts in both plots nearly at its
maximal value
√
2, indicating an almost maximal distin-
guishability between the initial states which are nearly
orthogonal, and decreases to zero during the time evo-
lution. Furthermore we observe clear non-monotonic be-
haviour of the Bures distance. We can already see from
these plots, that the bumps appearing are stronger for
intermediate couplings and smaller for high and low cou-
plings. Furthermore, we see that the non-monotonicity
gets stronger by lowering the initial bath temperature.
We compare this to the limiting case γ, ω0  Ω 
kBT , where the dynamics of the open system can be de-
scribed by the Caldeira-Leggett master equation as men-
tioned in the previous section. In Figure 3 we show the
time evolution of the Bures distance obtained from the
Caldeira-Leggett master equation and its time derivative
σ(t) for the coupling strength γ/ω0 = 0.1 and the initial
bath temperature kBT/ω0 = 100. The initial states are
two coherent states with displacements 〈x1〉
√
2mω0 =
−3, 〈x2〉
√
2mω0 = 3, as well as 〈p1〉 = 〈p2〉 = 0. We ob-
serve that σ(t) is always negative. This implies that the
Bures distance is monotonically decreasing and, hence,
that our non-Markovianity measure of the dynamics is
zero. Note that this fact is not obvious from the begin-
ning since the Caldeira-Leggett master equation is not in
Lindblad form.
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Figure 2. Time evolution of the Bures distance for differ-
ent parameter combinations of the coupling strengths γ and
initial bath temperatures T for a cut off Ω/ω0 = 100. The
initial states ρ1(0) and ρ2(0) are two coherent states with
σx1,2x1,2mω0 = σp1,2p1,2/(mω0) = 0.5, σp1,2x1,2 = 0 and dis-
placements 〈x1〉
√
2mω0 = −1, 〈x2〉
√
2mω0 = 1, as well as
〈p1〉 = 〈p2〉 = 0.
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Figure 3. Black line: time evolution of the Bures distance
obtained via the Caldeira-Leggett master equation. Blue
line: time derivative of the Bures distance. The coupling
strength is γ/ω0 = 0.1 and the temperature is kBT/ω0 = 100.
The initial states are two coherent states with variances
σx1,2x1,2mω0 = σp1,2p1,2/(mω0) = 0.5, σp1,2x1,2 = 0 and dis-
placements 〈x1〉
√
2mω0 = −3, 〈x2〉
√
2mω0 = 3, as well as
〈p1〉 = 〈p2〉 = 0.
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Figure 4. (a) N in dependence on the coupling strength γ
for different temperatures T . (b) N in dependence on the
temperature T for different coupling strengths γ. The max-
imal evaluated time is tmaxω0 = 40. The displacements are
〈x1〉
√
2mω0 = −3, 〈x2〉
√
2mω0 = 3, as well as 〈p1〉 = 〈p2〉 =
0. (c) N in dependence of the coupling strength γ and the
initial bath temperature T . The maximal evaluated time
is tmaxω0 = 25. The displacements are 〈x1〉
√
2mω0 = −1,
〈x2〉
√
2mω0 = 1, as well as 〈p1〉 = 〈p2〉 = 0. In all plots the
cutoff frequency is Ω/ω0 = 100.
B. Non-Markovianity
We continue with our main goal of this paper to charac-
terize the non-Markovianity measure (13) in dependence
on various parameters in the Caldeira-Leggett model.
The numerical evaluation of the non-Markovianity mea-
sure is done as follows. Given that we calculated the time
7evolution of the Bures distance on a grid of N points of
time tl = l∆t (l = 1, ..., N) with grid size ∆t, we can
numerically evaluate the non-Markovianity measure by
N (Φ) ≈
N−1∑
l=0
[DB(tl+1)−DB(tl)] , (48)
where the sum is extended over all l for which DB(tl+1)−
DB(tl) > 0 holds. From this it is obvious that the pre-
cision of the numerical calculation solely depends on the
grid size ∆t, which we chose to be ω0∆t = 0.01 in the
following. Furthermore we call tmax = N∆t the maximal
evaluated time.
We first consider the dependence of the non-
Markovianity on the coupling strength γ and on the ini-
tial bath temperature T . In the following plots the ini-
tial system states ρ1 and ρ2 are always two differently
displaced coherent states with variances σx1,2x1,2mω0 =
σp1,2p1,2/(mω0) = 0.5, σp1,2x1,2 = 0.
In Fig. 4 (a) we show the non-Markovianity measure
N in dependence on the coupling strength γ for different
temperatures of the initial bath state and a fixed fre-
quency cutoff Ω/ω0 = 100. We observe that N rapidly
decreases as the coupling strength goes to zero. This
can be understood from the fact that in the limiting case
γ/ω0  1 the dynamics is very well approximated by the
quantum optical (weak coupling) master equation for the
damped harmonic oscillator which is in Lindblad form
and, hence, Markovian [1]. As can be seen from Fig. 4 (c)
for sufficiently small values of γ/ω0 the non-Markovianity
remains small for all temperatures, pointing to the fact
that the Markov approximation is good in this regime
uniformly in temperature [1]. At intermediate couplings
we see a maximum of the non-Markovianity measure, the
height of which decreases for higher temperatures. Tun-
ing the coupling to higher values leads to a decrease of
N , which is surprising on first sight since stronger cou-
plings should increase the ability of information exchange
between system and bath.
The fact that N decreases to zero for increasing cou-
plings can be understood from the following argument
which holds in the strong friction Smoluchowski regime
given by γ/ω0  1 and γ/ω0  ω0/kBT [32, 33].
First, decoherence times are very small in the strong
friction limit which leads to a very rapid decay of the
off-diagonals of the density matrix in the position rep-
resentation. Moreover, within the Smoluchowski regime
the diagonals of the density matrix in the position rep-
resentation are governed by the Smoluchowski equation
which is of the form of a Fokker-Planck equation and,
thus, describes a Markovian process.
What happens if one increases the coupling γ even fur-
ther such that one re-enters (for a fixed cutoff Ω) the blue
region of Fig. 1 in which the discriminant is negative and
two complex roots of (26) exist? In view of the oscilla-
tory nature of the solution one should expect that in this
regime of ultra strong damping non-Markovian dynamics
re-emerges, which is indeed confirmed by Fig. 5.
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Figure 5. The non-Markovianity N as a function of the cou-
pling strength γ for different temperatures T . The parame-
ters are the same as in Fig. 4 (a), but here we show a larger
range of the coupling to demonstrate the increase of the non-
Markovianity for very high damping.
Finally, in Fig. 4(b) we observe a rapid decrease of N
for high temperatures. At very low temperatures our sim-
ulations indicate the existence of a maximum of the non-
Markovianity as a function of temperature. The height
of this maximum increases below a certain value of the
coupling and decreases again for higher couplings.
Next, we consider the non-Markovianity in dependence
on the cutoff frequency Ω and the initial bath tempera-
ture T . Figure 6 shows the non-Markovianity as a func-
tion of the cutoff frequency Ω for different initial bath
temperatures T . The system-bath coupling is fixed to
γ/ω0 = 0.1. The first point one notices in the upper
plot of Fig. 6 is that there exists a local maximum not
far from the cutoff frequency Ω/ω0 = 1, which increases
and slightly shifts to lower cutoffs for higher tempera-
tures. In the bottom plot we show the same graphs on a
logarithmic scale in the vertical axis. This also reveals a
minimum of the non-Markovianity measure, which moves
to higher cutoffs and gets broader for increasing tempera-
tures. We will come back to an explanation of this feature
below.
In Fig. 7 we present the non-Markovianity measure
N in dependence on the initial bath temperature T
for different cutoff frequencies Ω and a fixed coupling
γ/ω0 = 0.1. Also here we can see from the upper plot a
maximum at very low temperatures. After this maximum
N drops rapidly for increasing temperature. The bottom
plot, where the vertical axis has a logarithmic scale, re-
veals again a minimum of N which moves to higher tem-
peratures for increasing cutoffs. The dependence of this
minimum on the cutoff and the temperature can be seen
in the top plot of Fig. 8. In the bottom plot of Fig. 8 we
show for a comparison the results of a similar study on
the non-Markovianity measure in the spin-boson model
[34]. The authors of this study investigated the originally
proposed non-Markovianity measure involving the trace
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Figure 6. Top: Non-Markovianity measure N (Φ) in depen-
dence on the cutoff frequency Ω of the Lorentz-Drude spec-
tral density for different initial bath temperatures T and a
fixed coupling γ/ω0 = 0.1. The maximal evaluated time
is tmaxω0 = 40. The displacements are 〈x1〉
√
2mω0 = −3,
〈x2〉
√
2mω0 = 3, as well as 〈p1〉 = 〈p2〉 = 0. Bottom: The
same plot with a logarithmic scale on the vertical axis.
distance and carried out the maximization procedure by
a random sampling of the initial states over the whole
Bloch sphere. Furthermore, they utilized the second-
order Born approximation of the master equation (with-
out the Markov approximation) in order determine the
dynamics of the spin. It is quite remarkable that, despite
all these differences N (Ω, T ) behaves almost the same in
both models. The main reasons for these striking similar-
ities are on the one hand the close relationship between
the trace distance and the Bures distance and, on the
other hand, the fact that both models describe an open
system with a single transition frequency ω0, a linear
system-bath interaction and the same spectral density.
In order to explain the cutoff and temperature depen-
dent minimum of the non-Markovianity discussed above
we employ an argument developed in Ref. [34]. This ar-
gument is based on the effective spectral density
Jeff(ω,Ω, T ) = J(ω,Ω) coth
(
ω
2kBT
)
(49)
which determines the frequency spectrum of the noise
kernel defined in Eq. (36). If the effective spectral den-
sity is maximal at ω = ω0 the oscillator ‘feels’ a spectral
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Figure 7. Top: Non-Markovianity measure N (Φ) in depen-
dence on the initial bath temperatures T for different cut-
off frequencies Ω of the Lorentz-Drude spectral density and
a fixed coupling γ/ω0 = 0.1. The maximal evaluated time
is tmaxω0 = 40. The displacements are 〈x1〉
√
2mω0 = −3,
〈x2〉
√
2mω0 = 3, as well as 〈p1〉 = 〈p2〉 = 0. Bottom: The
same plot with a logarithmic scale on the vertical axis.
density which is approximately constant in the vicinity of
its eigenfrequency ω0 and, therefore, approximately cor-
responds to the spectrum of white noise favoring Marko-
vian behavior. The idea is thus that
∂Jeff(ω,Ω, T )
∂ω
∣∣∣∣
ω=ω0
= 0 (50)
is an appropriate condition for predominantly Markovian
dynamics. It is easy to verify that this resonance condi-
tion yields a curve in the (Ω, T ) plane which is given by
Ω = ω0
√√√√√kBT sinh
(
ω0
kBT
)
+ ω0
kBT sinh
(
ω0
kBT
)
− ω0
(51)
and shown as white curves in Fig. 8. As can be seen from
the figure the resonance condition very well reproduces
the location of the minima of the non-Markovinaity mea-
sure.
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Figure 8. Top: Non-Markovianity measure for the Caldeira-
Leggett model in dependence on γ and Ω. The initial states
were two coherent states with displacements 〈x1〉
√
2mω0 =
−3, 〈x2〉
√
2mω0 = 3, and 〈p1〉 = 〈p2〉 = 0. The maxi-
mal evaluated time is tmaxω0 = 25. The coupling is fixed
to γ/ω0 = 0.1 Bottom: Non-Markovianity measure defined
with help of the trace distance in dependence on tempera-
ture T and cutoff frequency Ω for the Spin-Boson model by
the second-order Born approximation [34]. The coupling was
fixed to γ/ω0 = 0.1. The initial states of the spin correspond
to antipodal points of the Bloch sphere. In both plots the
white curve represents the resonance condition of Eq. (51).
C. Influence of external driving on
non-Markovianity
Finally, we investigate the impact of an external force
on the non-Markovianity measure, driving the open sys-
tem and/or the bath modes. Remarkably, it turns out
that driving does not influence the non-Markovianity in
our case. This is in contrast to other studies, which have
investigated the influence of driving on a similar mea-
sure of non-Markovianity on an open two-level systems,
for example in Ref. [35]. In [36] it was shown that the
system driving can even increase non-Markovian effects.
A general driving of the system or bath modes results
in an additional term in the Hamiltonian (15) of the form
Hext(t) = −
(
d0x+
∑
n
dnxn
)
F (t), (52)
where the dα represent the driving strengths of the sys-
tem and the bath modes and F (t) is the external force. It
is straightforward to repeat the derivation of the Heisen-
berg equation (18) taking into account the terms stem-
ming from the external Hamiltonian contribution (52).
The result is
x¨(t)+ω20x(t)+
d
dt
t∫
0
dt′γ(t− t′)x(t′) = 1
m
(B(t)+Feff(t)),
(53)
where
Feff(t) = d0F (t) +
t∫
0
dt′Λ(t− t′)F (t′) (54)
with Λ(t) =
∑
n
dnκn
mnωn
sin (ωnt) is the effective driving
force consisting of the direct external driving of the sys-
tem and the indirect driving mediated by the bath [37].
We again solve this equation via a Laplace transforma-
tion. This results in an additional term
xD(t) =
1
m
t∫
0
dt′G2(t− t′)Feff(t′) (55)
to the previously obtained solution of Eq. (21), which we
now call xH(t) such that
x(t) = xH(t) + xD(t). (56)
Since the driving term xD(t) is a c-number function it
follows that 〈
x2D(t)
〉
=
〈
xD(t)
〉2
, (57)〈
xH(t)xD(t)
〉
=
〈
xH(t)
〉〈
xD(t)
〉
, (58)
which means that the driving term has no influence on
the position variance. Analogously, one can see that the
driving term has also no influence on the other elements
of the covariance matrix. Still, the mean values of the
position and momentum are affected and are given by
〈
x(t)
〉
=
〈
xH(t)
〉
+
t∫
0
dt′G2(t− t′)Feff(t′), (59)
〈
p(t)
〉
=
〈
pH(t)
〉
+
t∫
0
dt′G˙2(t− t′)Feff(t′). (60)
However, in the expression (6) for the quantum fidelity
of Gaussian states only the difference between the mean
values d2−d1 enters, such that the driving contributions
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cancel each other since they are independent of the initial
conditions. Hence, the fidelity is not influenced by the
driving of the system and/or bath modes and thus also
the non-Markovianity measure remains unaffected. The
above derivation shows that the main reasons for this
fact are the Gaussian nature of the initial states and the
linearity of the model.
IV. CONCLUSIONS
In this article we investigated the emergence of mem-
ory effects in the Caldeira-Leggett model for different pa-
rameter regimes of the coupling strength, the frequency
cutoff of the spectral density and the bath temperature.
We quantified non-Markovianity with help of a measure
especially suitable for continuous variable systems, which
is based on the Bures metric as distance measure for
quantum states. We used Gaussian initial states for
the open system which allowed us to exactly determine
the time evolution for arbitrary parameter combinations
without any approximation.
Our main results may be summarized as follows.
1. We found that the non-Markovianity measure ex-
hibits a non-monotonic behaviour as a function of
the coupling strength and the bath temperature.
In particular, it shows a maximum at intermediate
coupling strengths and decreases for higher values
of the latter (see Sec. III B).
2. For small coupling strength the non-Markovianity
measure as a function of frequency cutoff and tem-
perature shows remarkable similarities to the spin-
boson model for which an analogous study is dis-
cussed in Ref. [34]. In both models one finds a
pronounced Markovian area (minimum of the non-
Markovianity measure) inside a non-Markovian
regime which can be understood as a resonance
effect resulting from the maximum of an effec-
tive, temperature-dependent spectral density (see,
in particular, Eq. (50)).
3. The decrease of the non-Markovianity with increas-
ing coupling strength in the regime of strong dis-
sipation can be explained as resulting from the
dynamical behavior in the Smoluchowski regime
[32, 33]. In addition, we observe an anew increase
of the non-Markovianity for ultra strong coupling
(see Sec. III B).
4. We showed that non-Markovianity cannot be gen-
erated within the approximation provided by the
Caldeira-Leggett master equation for Gaussian ini-
tial states (see Sec. III A).
5. Finally, we demonstrated that a driving of the sys-
tem and/or the bath modes by an arbitrary exter-
nal force has no influence on the non-Markovianity
of the open system dynamics which is due to the
linearity of the model and the use of Gaussian ini-
tial states (see Sec. III C).
In summary, we observed a rich behavior of the non-
Markovianity of quantum Brownian motion, even though
our model is linear and thus integrable. Several of the
features described obviously depend on the linearity and
on the Gaussian character of the initial states. We ex-
pect that further interesting phenomena emerge if one
considers a nonlinear open system or non-Gaussian ini-
tial states. Another interesting problem is to study fur-
ther the relations between different physical models with
regard to their degree of non-Markovianity. Our findings
on the similarity between quantum Brownian motion and
the spin-boson model point to a kind of universality of
non-Markovian behavior which should be scrutinized in
more detail.
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Appendix A: Calculation of the Noise contributions
We illustrate the procedure of determining the noise
integrals (33)-(35) by means of 〈Ixx(t)〉 in the following.
We have
〈Ixx(t)〉 = 2γkBTΩ
2
m
∞∑
n=−∞
1
Ω2 − ν2n
I(t, n), (A1)
where
I(t, n) =
∫ t
0
ds
∫ t
0
ds′G2(t− s)G2(t− s′)
(
Ωe−Ω|s−s
′| − |νn|e−|νn||s−s′|
)
(A2)
=
3∑
i,j=1
didje
(zi+zj)t
∫ t
0
ds
∫ t
0
ds′e−(zis+zjs
′)
(
Ωe−Ω|s−s
′| − |νn|e−|νn||s−s′|
)
. (A3)
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We change to the new integration variables s˜ = s− s′ and τ = s′. This leads to
I(t, n) =
3∑
i,j=1
didje
(zi+zj)t
∫ t
0
dτ
∫ t−τ
−τ
ds˜e−(zi(s˜+τ)+zjτ)
(
Ωe−Ω|s˜| − |νn|e−|νn||s˜|
)
. (A4)
The time integrals can be evaluated straightforwardly to obtain the expression
I(t, n) =
3∑
i,j=1
didj
{
|νn|
|νn| − zi
(
1− e(zi+zj)t
zi + zj
− e
(−|νn|+zi)t − e(zi+zj)t
|νn|+ zj
)
− ΩΩ− zi
(
1− e(zi+zj)t
zi + zj
− e
(−Ω+zi)t − e(zi+zj)t
Ω + zj
)
+ |νn||νn|+ zi
(
1− e(zj−|νn|)t
|νn| − zj +
1− e(zi+zj)t
zi + zj
)
− ΩΩ + zi
(
1− e(zj−Ω)t
Ω− zj +
1− e(zi+zj)t
zi + zj
)}
.
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